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GWs from FOPTs
“Hot Big Bang”

“(P)reheating”

GWs from FOPTs
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FOPTs
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GWs from wall collisions
Envelope approximation

Jinno et.al. PRD 95 (2017) 024009 

k−1

k−2
k3

Beyond envelope approximation

Jinno et.al. JCAP 01 (2019) 060 
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Analytic template of wall collisions

/305



GWs from sound waves

h2Ωsw = 2.65 × 10−6 ( 100
gdof )
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Υ ≡ 1 − (1 + 2τswH*)−1/2 Huai-Ke Guo et al. 20τswH* ≈ (8π)1/3vw /(β/H*)/Ūf Ū2

f = 3κswα/[4(1 + α)]

Numerical simulations
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GWs from sound-shell superpositions

GWs

Analytical  modeling

Numerical simulation

Sound shell model Hindmarsh 18 PRL, Hindmarsh &  Hijazi 19

IR scaling is inconsistent 
with Cai, Pi, Sasaki 

1909.13728

Sound-shell free-collisions at late time

Sound-shell forced-collisions at early time
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GWs from sound-shell envelopes
GWs

2305.00074 Rong-Gen Cai, SJW, Zi-Yan Yuwen 
“Hydrodynamic sound shell model”  
Phys. Rev. D 108 (2023) 2, L021502

IR
 C

au
sa

lity

Wide  
dome

GWs from sound-shell 
envelopes before fully 
percolations of walls
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LISA’s response
Simulation：2308.12916 …Hindmarsh “Shallow relic gravitational wave spectrum with acoustic peak” 

k4

k8
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LISA’s response
Analytical modeling：2308.12943  …Caprini “Characterization of the gravitational wave spectrum from 
sound waves within the sound shell model”

IR causal scaling law: When 
bubble-wall lifetime is close 

to sound-shell lifetime

Sound-
shell 

lifetime

Bubble-
wall 

lifetime
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PBHs and SIGWs from FOPTs
“Hot Big Bang”

“(P)reheating”

PBHs/SIGWs from FOPTs
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PBHs/Curvature perturbations from FOPT 
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2106.05637 Liu, Bian, Cai, Guo, Wang (PRD Letter) 

T*~1-10MeV

T*≲1MeV
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BBN(helium abundance)
CMB spectral distortion
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2208.14086 Liu, Bian, Cai, Guo, Wang (PRL)

Curvature 
perturbations

2404.06506 Cai, Hao, Wang (SCPMA)

2307.04239 (PRL)

2311.16222 (PRL)
2402.04158 (PRL)

Follow-up works

Follow-up work

2503.01962 (PRL) 
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Curvature perturbations/SIGWs from FOPT 
2311.16222 Gilly Elor, Ryusuke Jinno, Soubhik Kumar, Robert McGehee, Yuhsin Tsai Finite Bubble Statistics Constrain 
Late Cosmological Phase Transitions PRL 133 (2024) 211003

2402.04158 Marek Lewicki, Piotr Toczek, Ville Vaskonen Black holes and gravitational waves from slow phase 
transitions PRL 133 (2024) 221003                                                                   https://github.com/vianvask/deltaPT
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PBHs from FOPT 
2503.01962 Gabriele Franciolini, Yann Gouttenoire, Ryusuke Jinno Curvature Perturbations from First-Order Phase 
Transitions: Implications to Black Holes and Gravitational Waves PRL 136 (2026) 171404

2605.11332 Wen-Yuan Ai, Ke-Pan Xie, Reviving primordial 
black hole formation in slow first-order phase transitions

δ(F) ≃ 10δ(C)

/3014

Early matter-dominated era2601.14412 Xiao Wang, Csaba Balázs, Ran Ding, Chi Tian, 
How large are curvature perturbations from slow first-
order phase transitions? A gauge-invariant analysis

2607.19469 Henda Mansour, Yann Gouttenoire, Felix 
Kahlhoefer, Can the universe be matter-dominated after a 
supercooled first-order phase transition?



PBHs from FOPT 

2402.13341 Marcos M. Flores, Alexander Kusenko, and Misao Sasaki, Revisiting formation of 
primordial black holes in a supercooled first-order phase transition, PRD 110 (2024) 1, 015005

PBHs from 
gradient 
energy of 

bubble walls

Sub-horizon

2601.06024 Bernard Carr, Antonio J. Iovino, Gabriele Perna, Ville Vaskonen, Hardi Veermäe, 
Primordial black holes: constraints, potential evidence and prospects
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Type-B supercritical PBHs
2601.21878 Zhuan Ning, Xiang-Xia Zeng, Rong-Gen Cai, Shao-Jiang Wang, Numerical 

simulations of primordial black hole formation via delayed first-order phase transitions

FVD shrink Inflation inside Overdensity

bifurcating trapping horizon Wormhole pinched of Local spatial curvature

tV ≲ tH

Vacuum energy domination 
before horizon crossing
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Type A subcritical PBHs
2601.21878 Zhuan Ning, Xiang-Xia Zeng, Rong-Gen Cai, Shao-Jiang Wang, Numerical 

simulations of primordial black hole formation via delayed first-order phase transitions

FVD shrink no-inflation inside Wall-energy concentration

Apparent horizon BH singularity Local spatial curvature

tV ≳ tH

Vacuum energy domination 
after horizon crossing
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No PBH (Dispersal) 
2601.21878 Zhuan Ning, Xiang-Xia Zeng, Rong-Gen Cai, Shao-Jiang Wang, Numerical 

simulations of primordial black hole formation via delayed first-order phase transitions

tV ≳ tH

Vacuum energy domination 
after horizon crossing

Oscillate about true vacuum monotonical small density contrast

no trapped surface relax back toward zero

Highlight 

1. Initial condition 

2. Metric perturbation 

3. Geodesic gauge

Need further investigation
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SIGWs from inflation
“Hot Big Bang”

“(P)reheating”

Induced GWs
/3019



Induced GWs

ΩGW1,δ : ϵ=0

ΩGW1,σ : ϵ=10-1

ΩGW1,σ : ϵ=10-1,exact
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All-order non-Gaussianity
2508.10812 Xiang-Xi Zeng, Zhuan Ning, Rong-Gen Cai, Shao-Jiang Wang, 
Scalar-induced gravitational waves with non-Gaussianity up to all orders

SimuSIGW:  https://github.com/
ZengXiang-Xi/SimuSIGW/tree/main

Standard approach:  but high-dim integral is hardζ = ζg + FNLζ2
g + GNLζ3

g + HNLζ4
g + ⋯

SIGW:  
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All-order non-Gaussianity
2508.10812 Xiang-Xi Zeng, Zhuan Ning, Rong-Gen Cai, Shao-Jiang Wang, 
Scalar-induced gravitational waves with non-Gaussianity up to all orders
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All-order non-Gaussianity
2508.10812 Xiang-Xi Zeng, Zhuan Ning, Rong-Gen Cai, Shao-Jiang Wang, 
Scalar-induced gravitational waves with non-Gaussianity up to all orders

SimuSIGW:  https://github.com/
ZengXiang-Xi/SimuSIGW/tree/main
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SWGWs from FOPTs
“Hot Big Bang”

“(P)reheating”

SWGWs from FOPTs
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GWs from gravitational collapses
2504.11275 Zeng, Ning, Yuwen, SJW, Cai Relic gravitational waves from primordial gravitational collapses
2504.12243 Ning, Zeng, Yuwen, SJW, Cai Sound waves from primordial black hole formations PRD 2026
2512.21151 Ning, Yuwen, Zeng, Cai, SJW, Acoustic gravitational waves from primordial curvature perturbations
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SWs from gravitational collapses

ds2 = − dt2 + a(t)2e2ζ(r)(dr2 + r2dΩ2)
ζ(r) = μe−(r/rm)2

μc = 0.796

Perturbative 
μ = 0.001

Subcritical 
μ = 0.4

Near-critical 
μ = 0.8

Supercritical 
μ = 0.9
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GWs from gravitational collapses

subcritical subcritical

nearcritical supercritical

3δ′￼+ 4∂ivi = 0
4vi′￼+ ∂iδ = 0

Linearzied eqs.  
hydrodynamical

Nonlinear evolution
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SWGWs vs. SIGWs

Perturbative
SIGW ≳ SWGW

Sub/near-critical
SWGW ≳ SIGW

Supercritical: peak-shifted

Curvature perturbation ζ

Sound waves

Scalar perturbations Φ

Acoustic GWs

SIGWs

Nonperturbative

Superhorizon 
Relation

Neglect metric 
Perturbations

Perturbative

Discrete

Distributions

Distribution everywhere
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Thank yo

Conclusions and discussions
SW from FOPT : IR casual scaling law  bubble-wall vs. sound-shell lifetimes↔

PBH from FOPT : likely no gauge issue to get density perturbations from FOPT

SIGW from initial : all-order non-Gaussianity can differ from finite truncations

AGW from FOPT : AGWs include nonperturbative effect/neglect metric vs. SIGW

We haven’t reach full understandings of SWs, PBHs, SIGWs, AGWs from FOPTs

Still active of debates with interactive topics 

PBH from bubble collisions/Fermi ball
Particle production from bubble collisions
GWs from PBH formation and evaporation

⋯⋯
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