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l.Background and Motivation



Black Hole Spectroscopy
* GW250114: test the Kerr nature of black holes

-High ringdown SNR enables precise black hole spectroscopy
-Confident detection of the fundamental mode (220) and its first overtone (221)

-Consistency with Kerr frequencies to 30%
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-Even with a complete and
precisely measured QNM

spectrum, can ringdown establish

the existence of a horizon?
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Spectral Instability vs Waveform Stability

| horizon infinity

*xSpectral instability in FD ?

-Astrophysical environment may produce small bump
on the potential at x > x;

-Quantum black holes near-horizon corrections may
change the potential or ingoing boundary condition at

X < Xpp

Poschl-Teller, € = 10~°
-Both of them can cause a large drift of the BH QNM 0.66 068 070 072 074 076 0.78

WR

spectrum.
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Spectral Instability vs Waveform Stability

| horizon infinity

*xSpectral instability in FD ?

-Astrophysical environment may produce small bump
on the potential at x > x;

-Quantum black holes near-horizon corrections may
change the potential or ingoing boundary condition at

XL X =
= Poschl-Teller, € = 10~°

-Both of them can cause a large drift of the BH QNM 608 BT 0T DT 0T
spectrum. g

*Waveform stability in TD

-The prompt signal closely resembles the vacuum black-
hole response.

-Causality: it takes time to see corrections to vacuum
BH potential
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Quantum Black Hole Seismology
*Why Quantum Black Hole?

-Black hole thermodynamics (i.e. entropy area law), and information
loss problems for evaporating black holes suggest the new physics

-Quantum black holes may feature strong deviations around
horizon, or even be horizonless ultracompact objects (UCOs)
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Quantum Black Hole Seismology
*Why Quantum Black Hole?

-Black hole thermodynamics (i.e. entropy area law), and information
loss problems for evaporating black holes suggest the new physics

-Quantum black holes may feature strong deviations around
horizon, or even be horizonless ultracompact objects (UCOs)

* Gravitational Wave Echo

effective interior light-ring
boundary potential barrier

effective potential

100 200 300 400 500 600
t/M

tortoise coordinate

xPuzzle: -Why does the signal before echos stay BH prompt ringdown? Page: 6



ll.Causal decomposition
for Green Function



Black Hole Perturbation Theory
*x Regge-Wheeler Equation

> 0
( 2 on V(r)) w(t,x) =0

* Green Function

G(w, x,x) = W(la)) X (w,x)X (w,x)

1 co+ie ~ |
G(t,x,x) = —J G(w, x,x)e " dw
27 —00+1€
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Black Hole Perturbation Theory
*x Regge-Wheeler Equation

> 0
( 2 on V(r)) w(t,x) =0

* Green Function

G(w, x,x) = W(la)) X (w,x)X (w,x)

1 co+ie ~ |
G(t,x,x) = —J G(w, x,x)e " dw

2” —oo+ie

*COntOUF Integ ration branch cut large-arc

| - .
G(t,x,x") = 2_7z<J; G(w,x,x)e "dop = Gonm( X, X)) + Gy (4, x, X7) + G (2, X, X7)
C
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Black Hole Perturbation Theory
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* Green Function

G(w, x,x) = W(la)) X (w,x)X (w,x)
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C

* Problem of Leaver’s original formulation
-Direct part: large-arc is difficult to compute in convergence limit

-Divergence of QNMs contributions at early time page: 10



Causal decomposition for BH Green function

*New formulation for BH Green Function

Source outside the light ring (s, et a1.PRD 113(2026)]

Gpp(w,x,x) = Gglw, x,x) + G (@, x, X')

X, ) Xg(w, x')

G, x,x") = . 1 et
2iw
BH + + /
Gio(w, x,x) = Ao (@) XBH(Q)’X),XBH(G),X) —| /Pt
ABH(w) 2w

1 oo+ie ~ |
G(t,x,x") = —J G(w, x,x)e " “dw

272. —o0+ie
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Causal decomposition for BH Green function

*New formulation for BH Green Function

Source outside the light ring (s, et a1.PRD 113(2026)]

Gpp(w,x,x) = Gglw, x,x) + G (@, x, X')

_ XA, X)X (0, x’ . ,
Gy, x,x") = b ). Bi(®: ) 1 et
PATE),
BH + + /
G, x,x") = Aou (®) XBH(Q)’X),XBH(G),X) —| ')
ABH(w) 2w

1 oo+ie ~ |
G(t,x,x") = —J G(w, x,x)e " “dw

2r —00+i€
—ioft— (=] . close in the UHP, < x —X/
closeinthe LHP, > x—Xx'.

—ioft— (c+2)] . close in the UHP, < x+ X/,
closeinthe LHP, > x+ x'.
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Causal decomposition for BH Green function

*New formulation for BH Green Function

Source outside the light ring

Gpp(w,x,x) = Gglw, x,x) + G (@, x, X')

_ XA, X)X (0, x’ . ,
Gap(w, x,x") = b ). Bi(®: ) 1 et
21w
BH + . /
G, x,x") = Aou (®) XBH(a)’X),XBH(a),X) —| ')
ABH(w) 2w

1 co+ie ~ |
G(t,x,x") = —J G(w, x,x)e " “dw
2r —00+i€

_iw|i—(x—x)| . J closeinthe UHP, 7 <x — X/,
% ;
closeinthe LHP, > x—Xx'.

—ioft— (c+2)] . close in the UHP, < x+ X/,
closeinthe LHP, > x+ x'.
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Causal decomposition for BH Green function

*New formulation for BH Green Function

Source outside the light ring

Gpp(w,x,x) = Gglw, x,x) + G (@, x, X')

N X (0, ) XEAw, x) o
Gpy(w,x,x") = <l 2inH ) el @x—x)

Gt (1) = AP (@) X (w, X)X (w, X)) np
BHEZ227 7 ABH(g) Diw

iw(x+x")

1 co+ie ~ |
G(t,x,x") = —J G(w, x,x)e " “dw

27

—00+i€
—ioft— (=] . close in the UHP, < x —X/
: / _ -
close inthe LHP, > x —x'. Stage I(x — x" > 7): No signal
iw[i—(x+x)| . J closeinthe UHP, 7 < x+.x), Stage ll(x — x’ < 1 < x + x): direct part from brunch cut
e :
closeinthe LHP, > x+ x'.

Stage Il > x + x): QNMs and tail from G,
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Causal decomposition for BH Green function

*New formulation for BH Green Function

Source outside the light ring

Gpp(w, x,x) = Gpp(w, x, x) + G (@, x, X')

~~
o
T
|
T
=
e
|
~
o
S—r
[N

G,

3 Xt (w, )X (w, x’ . ,
G}EH(a)a X, x/) — BH( ) BH( ) N ela)(X—X)
2l
AB% (@) X (w0, X)X (0, X))
GNEH(wa x9 xl) — o o , o , — eia)(x+x,)
ABH(w) 2i®
1 o0o0+i€
G(t,x,x") = —[ G(w, x,x)e " “dw
2r —00+i€
_iw|i—(x—x)| . J closeinthe UHP, 7 <x — X/,
% ;
closeinthe LHP, > x—Xx'.
it — (e +2) closeinthe UHP, < x+ X/,
% ;
closeinthe LHP, 1> x+ x'.

Stage I(x — x’ > 1): No signal

Stage ll(x — x’ < t < x + x): direct part from brunch cut

Stage Il > x + x): QNMs and tail from G,
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UCO Waveform Reconstruction
* Frequency-domain UCO Green function

Guco(®, x,x") = Xm0, X) XGoo(@, X)), Woco = 2i@,A° « 1 =R,
Wycolw)

UCO QNM condition: W;co(w,) =0 = 1 — R, Rgpe'“'a = 0

wal
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UCO Waveform Reconstruction
* Frequency-domain UCO Green function

Gucol®, x,x') = Xm0, X) XGoo(@, X)), Woco = 2iw, AYY « 1 — R, RBHe!@nla

n wal
Wycolw) -

UCO QNM condition: W;co(w,) =0 = 1 — R, Rgpe'“'a = 0

wal

R w, increases approximately linearly with n
-JSw,, is small at low n, then increases roughly linearly at high n
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UCO Waveform Reconstruction
* Frequency-domain UCO Green function

Gucol®, x,x') = Xm0, X) XGoo(@, X)), Woco = 2iw, AYY « 1 — R, RBHe!@nla

n wal
Wycolw) -

UCO QNM condition: W;co(w,) =0 = 1 — R, Rgpe'“'a = 0

wal

*QNM reconstruction

Gonm(t: %, X) = 2R ) B e @i~k

-The time-domain Green function is

reconstructed by summing the
residues of the UCO QNM poles.

R w, increases approximately linearly with n
-JSw,, is small at low n, then increases roughly linearly at high n
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Time-domain Green’s function for UCOs
(a).Source outside the light ring (xX'>x18)

1

21

GUCO(a), xX,x") —

&

lw(x—x")

Agyr (@)

© AUCO(gp)

* Causal Decomposition

iw(x+x")

Gycol®, x,x") = Ggy(w, x,x") + Gjco(w, X, X')

UCO
~ Aout

Xey(w, x) Xgy(w, x")

+ N —
Glcol@, X, X)) = 20O
1n

21

& By
< o
o

y—
qe]
o pu—{
=
c
L
~)
o
o,
O
>
oy
~
>
&=
O

tortoise coordinate
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https://arxiv.org/abs/2607.26010

Time-domain Green’s function for UCOs

(a).Source outside the light ring (x" > x;z)
p N L iw(x—x") | At ()
CGuco(®. %, x) = 2iw < | AiII{CO(a))

* Causal Decomposition

iw(x+x")

Gycol®, x,x") = Ggy(w, x,x") + Gjco(w, X, X')

uCo
Gt (. x.x)) = Aoui~ Xgu(@, X) Xg(w, x')
veoOR AYCO 2iw

Stagelll(f; p < 7): QNMs, tail and echo from GUCO

/

Where tdlI’ = X—X tLR = .x,

-how can these UCO poles reproduce the black-hole prompt ringdown?
Page: 16
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Causal decomposition for UCO Green function
(a).Source outside the light ring (x> x;p)

BH —2iwx,
C’?UCO(C')a X, X ,) 5 I eia)(x—x ) AOUt (a)) eia)(x+x’) : T HRwalle } ¢ lw(x+x'+1,)
2iw - ABH() I — RgpRyane'

*Equivalent Decomposition

Glcol@, x,x") = G+H(a) x,x)+ G, (w,x,x)

echo

GUCO . , ~e. 0 anaIYtiC
T2 R —21wXx X+ X+ /
AL - . .
echo 1 — RBH Rwallelwtd 21 : : , 3

.000000.

[Z.Mark et al.PRD 96(2017)]

Stage lll(a)(ti r <t < 't

echo

): QNMs, power
law tail from GEH

Stage IHI(b)(t

~cho < 1) Echos from GUCO

* Answer:

-UCO-QNM sum is causally . fp <t < b
equivalent to the BH QNM-+tail.
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Causal decomposition for UCO Green function
(b).Source inside the light ring (x" << x; )

G~UCO( W, X, X’) . 1 eia)(x—x’) + R ll eia)(x+x’)| .
2iwAVCO e

* Causal Decomposition

effective interior light-ring
boundary potential barrier

source 1nside
the light ring observer

| prompt ringdown K

—2Iiw,xy Y+ '— / Bl M T NN S,
Rwalle ! XBH(G)’ A ) XBH(a)’ X ) reflected by inner surface

AUCO 2160 second echo train
1n

Gyco(®, X, x") = Gijp(@, X, X") + G{{ 5o (@, x, x7)

- , 1 Xgu(w,x) Xgy(w, x")
Giico(@, x,X) = AUCO
1n

21

yo—
qe;
o p—
S
=
QO
i)
-
Q.
O
>
o —
A
O
a=
O

Gléo(@, x,x") =

tortoise coordinate
Stage ll(f; g < 7 < f..J): BH QNMs and part echo

St
from GUCO

Stagelll(7.; < 7): QNMs, tail and echo from GUCO

where 7. = x — X"+ 2x,
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Causal decomposition for UCO Green function
(b).Source inside the light ring (x" << x; )

|
" A AUCO
21a)Ain

* Causal Decomposition

G~UCO( W, X, X’) II eia)(x—x’) 4 Rwall e ia)(x+x’)l .

Gyco(®, X, x") = Gijp(@, X, X") + G{{ 5o (@, x, x7)

5 1 Xig(w, x) Xap(w, x")
Gt o (@, %, X') = BH BH

AYCO 2iw
0 I_
G+ (w,x,x) = Ryane™ " Xgyu(, x) Xgy(@, x')
WO AUCO 2iw

Stage ll(f; g < 7 < f..J): BH QNMs and part echo

St
from GUCO

Stagelll(7.; < 7): QNMs, tail and echo from GUCO

where 7. = x — X"+ 2x,
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Causal decomposition for UCO Green function
(b).Source inside the light ring (x" < x; 7)

- 1 . ) . ,
G ( W, X, X’) . eza)(x—x) + R ela)(x+x) .
UCoO Vi A}I{CO II Wall I

* Equivalent Decomposition

=+ N — +
Gicol®, x,x) = Gy + Gecho

0 + —
G (w.x.x) = Rpy Ryan €™ Xgu Xpn
echo A gco (a)) Vi

_+_
vco T GBH ITI(b)

Stage li(x —x' <7 < x + x"+t): BH QNMs from GEH

Stagelll(a)(x + x"+ 7, < f < x + x" + 1 )): QNMs, tail
and part echo from GUCO and GEH

Stagelll(b)(r > x + x"+ ¢)): Echo from Guco
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IHl.LNumerical Validation
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Time-domain Green’s function for UCOs

Numerical Simulation (black line) QNM Reconstruction (colored line)
0> 0’ D
— -/ [ "\ — 2 B la)n(t tref)
(axz — V(r)> G(t,x) = 6(x — x) M G(t,x,x') R ; n€
(a).Source outside the light ring (b).Source inside the light ring

essmmmme \umerical Simulation esssmmme Simulation
— = JCO QNM (n = 39) e e JCO QNM (n =< 37)
= o= BH QNM(n < 7) + Tail . '

-QNM reconstruction matches the numerical simulation
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Can UCO QNMs reproduce a prompt ringdown?
(a).Source outside the light ring (b).Source inside the light ring

e \umerical Simulation
— = JCO QNM (n < 39)
—— e= BH QNM(n < 7) + Tail

Not Yet Successful
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Can UCO QNMs reproduce a BH ringdown?

(a).Source outside the light ring

e \umerical Simulation
— = JCO QNM (n < 39)
—— e= BH QNM(n < 7) + Tail

RN

T T T T T T T T T T T e T T T T T T T T

Sr
~

Exponentially growing EF

(b).Source inside the light ring

[1(a) | III(b)

e Simulation
e = JCO QNM (n = 37)

EF pressured under high-frequency




Comparison of High- and Low-Frequency Modes

(a).Source outside the light ring (b).Source inside the light ring

100 200 300
t/M

-High-frequency modes are crucial for reproducing the sharp rise after the
first echo and the deep dips between successive echoes

-Late-time echoes are dominated by long-lived low-frequency mode
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IV.Summary




Summary

% Tension: Different spectrum obtain the same early waveform

*xUCO QNMs reconstruct the waveform. At early times, the UCO QNM is formally
equivalent to the BH QNM.

* The practical efficiency of the UCO-QNM basis depends strongly on the source
location

*In the late-time echo regime, both cases are efficiently captured by few long-lived
trapped modes.
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Thanks For Listening




