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Motivation

» Ultimate aim:

» Evolving any Initial Data (ID), containing any matter
distribution, using the EFEs and the matter equations to any
desired accuracy.

> Extract the resulting Gravitational Waves (GW) and
accompanying signal at future null infinity, ..

> Why #17
» The only region where Gravitational Waves (GWSs) can be
defined unambiguously.
» Useful for studying phenomena of fundamental interest, like
weak cosmic censorship conjecture, black hole formation, etc.

P> Needs to be addressed geometrically, analytically and
numerically:



A Solution: Formulating EFEs on Hyperboloidal Slices

» Geometrical Part:

» Foliating the 4D spacetime via 3D hypersurfaces.
» One Solution: Use hyperboloidal slices?.

» Analytical Part:
» Defining a Well-Posed formulation of the EFEs?.
> One Solution: Use Generalized Harmonic Gauge (GHG)3
together with Dual-Folition Formalism#.

» Numerical Part:
» Deriving discretization schemes preserving the continuum
well-posed structure at the discrete level.
> One Solution: Use Summation-by-Parts (SBP) scheme®.

'Friedrich et al 1983-86, Zenginoglu et al 2005-Present and many more!
2Fourgs-Bruhat 1952, Lindblad and Rodnianski 2003 and many more!
3Friedrich 1985, Gasperin and Hilditch 2018, Duarte et al 2021-22.
*Hilditch et al 2015-16

®Gundlach et al 2010, Gautam et al 2021, and many more!



Hyperboloidal Slices vs Cauchy Slices

- R = const
— T = const

--- I = const
— t=const

Figure: Hyperboloidal slices in  Figure: Cauchy Slices in Minkowski
Minkowski spacetime. spacetime.



Harmonic Gauge
» Vacuum EFEs, R, =0

§°90:0agab = 2V (2T by + 28 g (DegacOr&bd — Tacel bar) -

> [ pe = %(8bgac + 8Cgba - aagbc) , o= gbc [ abe-

» Harmonic gauge: [? = 0. This name is derived from the fact
that Ox? = —I?. . T?=0=0Ox? =0.

» Gives a hyperbolic form:

cda adgab = 2ng e (aegacafgbd - I-acerbdf) .

» Constraint: C?=1T1°=0.



Generalized Harmonic Gauge

» Generalized Harmonic gauge: [1x® = F? or —[? = F2,
F2: a function of x? and g, but not its derivatives.

» Gives another hyperbolic form:
8°0c0agab = =2V (aFp) + 2878 (De8acOr8bd — T acel bar) -
» Inhomogenous equations. F?: Gauge source function.
» GHG constraint: C?= F?+T17 =0.
» Vacuum EFE in GHG:

Rab — V(2Cpy = 0.



Dual-Foliation Formalism

» Consider two spacetime foliations X* = (T, X%) and
x# = (t,x"), via spacelike hypersurfaces.

» Introduce 3 + 1 split of the Jacobian J£, = dX£/dx*
Or = (W1, 9=
» Dynamical variables: u;(T, R) — u;(t, r) remain the same.
» An equation for a state vector u = {uy, u, ..., up} of the form
dru = APgpu+ AS,
becomes

Ou=BPJou+ BS.



Summation-by-Parts (SBP) scheme: Overall idea®

> A discrete version of Integration-By-Parts
» = Change in f = flux at the boundaries.

b
/ Df = f, — f,.
a

P Assures stability when discretized properly.

» Applying on conservative systems:
» For V,J! =0, define H = n,J*, and J; = v;,J*, rewrite
as O;H = —D;J'.

> Integral form

E(t):/ atH:—/ DiJi:_/ Sl'Ji7
R R OR

s’ = unit normal to OR.

%Strand, 1993



Summation-by-Parts (SBP) scheme: Overall idea’

» Discretize D; such that, at the discrete level, one obtains

2_[D] ] =2 [s][]

R OR

» For a scalar field 1 satisfying the linear wave equation (LWE):
(O=F)p =0,

conserved energy: obtained from the stress-energy tensor

1
Tuu - 3,f¢8u"¢ - Eg;w(aawaoﬂ/} + sz) )

» In the case of Einstein Field Equations, one needs to work
with quantities analogous to ADM or Bondi energies etc.

» Project on hyperboloidal slices ¥ ;.

"Strand, 1993



SBP scheme: Spacetime Region

Figure: Spacetime region under consideration

8SG, A. Vafié-Viiiuales, D. Hilditch, S. Bose, PRD 103, 084045



Linear Wave Equation

» In Spherical polar coordinates: Everywhere

1 2

89 (sin@@e) + m 8¢,

, 1 , 1 _
[—87+58R(R 8R)+m —F:|'¢’70,

» On the z-axis:

1 2
|:— % + EBR (R2 (9R) + R2 % — F(mzo)]w(mzo) =0,

» At the origin:

[— % +30% — F(/:o)} Pu=0) =0,

» Here, the m = 0 modes are extracted from:

1

2m
dj(rn:O)(Ta Rve) = Z o 1/}(7-7 R7 97 ¢) d¢7



Linear Wave Equation

» And the /| = 0 mode can be extracted from
Pu=0)(T, R) = / / U(T,R,0,¢) sin0dide.
47r 0=0 J p—

» The functions F(m,—g) and F(—g) are defined similarly.
» Introduce First-Order Reduction (FOR): 9o = 0at)

Yr =01y, YrR=0rY, e =0, 1y =0s1,
Y =Y +Yr, Y- =YT —YR.

» Rescaling:

1ZEX1/1: TZ+5X+¢+a QZ;*EX*UJ*7 12;95)(1[}97 1/3455)(@%,
X+ =x>, x_=x for r>0, x(0)=1, x~RforR>>1.

» Regularized covariant divergence:

2 2
A R =, 1 . =
o f = ﬁa, <?f> ., Ogf = m@g ((sin@)f), 0s=0s.



Linear Wave Equation

» Discrete EOMs:

2R — 1 2
n [% ((T")*loeu”zg + [ﬁ] (T¢)*1D4,®¢) - [RF]o+¢C E] ((T ) D
X' 2R' —17 . W_
e[
G-y D;rf) i e




Linear Wave Equation

» Conserved Energy:

E(f-‘)z%/Z (FR’122+<2R22 >w++¢7‘+—(we+ n12012§>)>

2

Z sinf drdfdo

» Energy flux:

OcE(t, ro(t E/ / 8t5drd9d¢
r=0 6=0

T o2\ R
== — —¢~ | — sinfdod
4 /9:0 /¢:o <X2 v ) X2 ¢ -

E(t)— /00/:71 F? + 02 )sin0d9d¢

» Flux at .#*

r=rg




Linear Wave Equation

» Ansatz: Discrete Energy:

é(t):f(\TJTT[F]W\TI+\TJ1'Y‘ VoW T T BT W

> With Weight Matrices:

/! R2 ;o o . . o .
W:{M}’ Wﬁ[w}, W_:{R S'm‘)},

X2 2x* 2x?
. R’ sin@ - R’
Wy = W, =
’ { X } b {x2 sin@]

» Discrete Energy Flux:

OE() = BT H 7074 B H b 0TI
X X



SBP Scheme

Time derivative and substituting discrete EOMs:

1] ~ ~ ~
{—} U, — 0T vovo Vi

Dy + Dy
X 2

R . T1 ~ | D+ D,
QE(t) =0T | 2| vore i | 2P
+ X 2

L;D’ U_ — Ul rore v L;D’

- 1 ~
+0l [ﬂ TO T W

y Wy Wy 17 -
+W] [ } Trre =2 Dyl + W] vrre —2Dy {7] (1
X 2 2 X
. Wy ~ - - W, - -
+UT rrye —9 Doy + W] e TQDO\IJ_ +9T {x] Tl 2¢’ Dy,

+WT e ¢D¢{X}\U++\UTT’T‘9 ¢D¢\U¢+\U e ¢D¢w



SBP Scheme

> We get the SBP scheme:

~ T
v D+ Dy w D, + D, 28,
2 2
D, —D b, - 5,1\
W_ r ryo W_ r r :0
2 ( 2 ’




Fixed background: Spherical Symmetry (Work in Progress)

» Consider the metric

CpC_ Cit+Co

Ci—C_ TG —cC_ 0 0
Ci+C_
_ _ci— Cc_ c+—26, 0 0
g ) ,
0 0 R 0
0 0 0 R%*sin’@

where C+ = C4+(R) are outgoing and incoming coordinate lightspeeds.

» Examples:
» Schwarzschild in Schwarzschild coordinates:
C,=-C_=1-2M/R.
» Schwarzschild in Kerr-Schild coordinates: C_ = —1,
C,=(1-2M/R)/(1+2M/R).
» Reissner Nordstrom etc.

» The scheme remains the same as above!



Dissipation
» The original system is modified as:

ory = vr,
1
oryr = EaR (R? YR) +

OTYrR = OrYT + ¢ (ORY — ’t/JR) ,
O = 9eY7 + ( (09 — 9),
O1py = 01 + C (0% — Pg) -

30 (sin®1g) + 3¢¢¢—F@ZJ+Q¢T,

» The discrete system is now modified as

e e fle e o).
B = +Q(E] \U++®_) :

» Obtained from the powers of discrete version of a regularized Laplacian operator

50 = (5,9, 4+ X 1 i
Q = (ar 8r (89 89 + 29 8¢)) 5



Results: F =0
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Results: F = 1/R? m?

Late time tail at .7 *
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Figure: r-convergence, integrated over 6
and ¢.
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Figure: Energy with time, F = m?.



Summary and Conclusions

» Unambiguous extraction of GW at .#* in NR requires solving the
problem geometrically, analytically and numerically.

» Geometric part can be addressed by introducing hyperboloidal slices, and
Analytic part can be solved by introducing GHG with DF formulation.

» Numerical part needs constructing an SBP scheme, which leads to stable
codes by construction, essentially by demanding well-posedness at the
discrete level.

» Overcomes coordinate singularities, and produces stable evolutions even
for singular systems, like massive fields.

» Adding first-order reduction constraints and dissipation carries a
geometrical meaning.

» Can also be extended to any conservation law V,J* = 0 on a general

and dynamical spacetimes gap(x") (work in progress).

Thank You for your Attention!! Questions? Comments?



Existing method 1: Extrapolation

=

Ry Ry Ry Ry Ry Ry

Figure: Extrapolation schematics.

Extrapolation Methods from Cauchy evolution:
» Systematic errors, depend on the specifics.
» Boundary errors: limit the evolution time.

> Fails to capture asymptotic charges.



Existing method 2: Cauchy Characteristic Extraction
(CCE)?:
> Boundary
errors: limit
the evolution T+
time. &
> Gauge ! I
ambiguities at < >,

finite radial [ %
z b Gt

coordinate. "

r (2009
» Cauchy and

characteristic Figure: CCE schematics.

regions

decoupled: No Source: C. Reisswig, N. T. Bishop, D. Pollney,
backreaction and B. Szildgyi, Phys. Rev. Lett. 103, 221101
effects. (2009).

9Bishop+ 1996, 2009, 2013, Taylor+ 2013, Handmer+ 2015-16 etc.



Proposed method: Cauchy Characteristic Matching (CCM)
Winicour 2009.

» Simultaneous Cauchy
and Characteristic
evolutions with data
exchange.

]+

» Gauge ambiguities.

» Succesful evolutions Z
for test cases (Ma et al
2023). Fully nonlinear e
case still unclear.

Figure: CCM schematics.
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